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Stroke remains one of the leading causes of death in North America. Approximately half of 
all ischemic episodes are a direct result of carotid artery disease, which is a result of both 
obstructive and sclerotic disorders. Obstructive disease is a result of plaque development that 
imposes a direct limitation on the physical space available for blood flow. Sclerotic disease 
involves the hardening of the arteries, as is often a result of aging and disease. While the 
impact of vessel stiffening is not as obvious, it does interfere with wave propagation. Effects 
of obstructive and sclerotic disease were studied using a lumped parameter model that was 
designed to match an experimental in vitro flow loop. Mild to moderate stenosis had minimal 
impact on blood supply to the brain. Both stiffness of the carotid artery and severe stenosis 
(≥70%) had a significant reduction on blood supply to the brain (p<0.01).  
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Carotid artery disease; carotid stenosis; carotid compliance; impedance; lumped parameter 
model; atherosclerosis; stroke. 
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Chapter 1  
1 Introduction 
This section gives a brief overview of the field and provides the motivation for studying 
blood flow the brain. The history and evolution of the tools used in this study are 
presented as well as a brief background on some that are not used in this study but used in 
the clinic or for research purposes. 
1.1 Vascular Disease 
1.1.1 Stroke 
The World Health Organization defines stroke as an “acute neurologic dysfunction of 
vascular origin with sudden (within seconds) or at least rapid (within hours) occurrence 
of symptoms and signs corresponding to the involvement of focal areas in the brain” [1].  
It is the result of an interruption in blood supply to the brain or certain regions of the 
brain [2]. Stroke remains one of the leading causes of death in the world [3]. It is the third 
leading cause of death in Canada resulting in 14,000 deaths each year [4]. There are an 
estimated 50,000 strokes in Canada [5] and 700,000 strokes in the United States [6] each 
year, resulting in a large burden on both the healthcare system (physician services, 
hospital costs) [7] and the economy (lost wages, decreased productivity, residential care 
facilities) [8]. About 315,000 Canadians [9] and 4 million Americans [6] are living with 
the effects of stroke that costs the Canadian economy $3.6 billion dollars each year [8].  
Some of the risk factors of stroke are hypertension, diabetes, heart disease, obesity, 
alcoholism, smoking and genetic factors [1]. Due to increased awareness of modifiable 
risk factors and better care facilities, the deaths due to stroke are on the decline in the 
developed world [2, 6]. Stroke is also the leading cause of disability in the United States 
and Canada and second leading cause of dementia behind Alzheimer’s disease [2]. While 
full recovery from a stroke is possible, it is largely dependent on the extent and location 




often results in depression and weakens the immune system making the patient more 
vulnerable to infectious diseases [2]. 
There are two main types of stroke: ischemic and hemorrhagic (Figure 1.1). Ischemic 
stroke results from a blockage in blood supply to the brain due to a thrombus or emboli.  
A thrombus is a stationary clot that develops inside a blood vessel whereas an embolus is 
a clot that typically develops in a larger blood vessel and travels through the bloodstream 
to block smaller vessels. A cerebral hemorrhage results when a weakened blood vessel or 
aneurysm bursts resulting in bleeding in the brain. A cerebral hemorrhage is much more 
likely to result in death (40% result in fatalities) compared to an ischemic stroke; 
however, it is also far less common [2]. Approximately 85% of all strokes are ischemic in 
nature [2]. 
 
Figure 1.1: Ischemic and hemorrhagic strokes resulting from thrombus, emboli and 
aneurysms [10]. 
† 






1.1.2 Carotid Atherosclerosis 
The carotid arteries are major arteries supplying blood to the brain, head and face. The 
two common carotid arteries (CCAs) located on the left and right side of the neck region 
branch out from the aorta and the brachiocephalic trunk respectively. The CCA then 
bifurcates into the internal carotid artery (ICA) and the external carotid artery (ECA). The 
ICA is a major supply route of blood to the brain while the ECA supplies blood to the 
head and face (Figure 1.2). In addition, there is also a dilated portion of the vessel located 
at the bifurcation region and extending into the ICA known as the carotid sinus [11]. The 
carotid sinus contains baroreceptors that are responsible for checking and maintaining the 
blood pressure [11].  
Atherosclerosis is the narrowing of an artery as a result of plaque development. This is a 
localized buildup of lipids and cholesterol deposits. Over time, this plaque hardens, 
resulting in the narrowing of the artery and changing the local blood flow patterns in the 
region [12]. Atherosclerosis has many of the same risk factors as stroke and because of 
the nature of the disease; there may not be any signs or symptoms until a stroke occurs 
[12]. Atherosclerosis often develops in regions with complex flow patterns resulting from 
complex geometries such as near curvatures and bifurcations [13]. Therefore, the carotid 
bifurcation due to its geometry is a common site of plaque development. 
More than half of all strokes are a direct result of carotid artery disease [14]. Carotid 
atherosclerosis can lead to an overall reduction in blood supply to the brain [15]. The 
plaque buildup can get severe enough that it can close the opening to the ICA (occlusion) 
resulting in a loss of blood flow to a specific region of the brain which could potentially 
result in a stroke; however, often loss of blood flow from one artery ICA is compensated 
for by the other side due to the Circle of Willis [15]. The larger problem with plaque 
development is the potential of emboli formation if the plaque ruptures. The emboli can 





Figure 1.2: (a) The location of the carotid artery as well as its anatomy, (b) blood 
flow shown through a healthy carotid artery, (c) blood flow through a diseased 
carotid artery where it is impeded by plaque development [14]. 
1.1.3 Plaque Geometry, Diagnosis and Treatment 
Stenosis severity is the overarching diagnostic measurement tool used to assess the stage 
and progression of plaque development. Major clinical trials such as the North American 
Symptomatic Carotid Endarterectomy Trial (NASCET) [17] and the European Carotid 
Surgery Trial (ECST) [18], have used this measurement. The NASCET trial graded the 
stenosis based on a diameter reduction by measuring the inner diameter of the stenosis 
(𝐷𝑠𝑡𝑒𝑛𝑜𝑠𝑖𝑠) as a percentage of the inner diameter of the downstream ICA (𝐷𝑑𝑖𝑠𝑡𝑎𝑙). 
Stenosis severity as defined in the NASCET trial is shown in Eq. 1.1 and is used as the 
main predictor of stroke risk. 
† 
Figure 1.2 was adapted from the National Heart, Lung and Blood Institute where it was included in the 











Plaque can form with varying levels of symmetry and it has been shown in several 
studies that plaque symmetry can influence plaque progression and emboli formation [19-
21]. A symmetric or concentric plaque is defined as one that develops equally from all 
sides of the walls whereas an axisymmetric or eccentric plaque is one that develops more 
from one side of the wall. Eccentricity influences the local flow patterns and can result in 
higher shear stress levels and a larger flow division between the ICA and ECA than 
concentric stenoses [21-24]. Independent of stenosis severity and other risk factors, 
eccentricity was found to result in increased cerebrovascular events [19]. 
Ulceration is a morphological feature that results when the surface of the plaque is 
distorted consisting of a necrotic core [25]. This could be the result of plaque rupture or 
simply a feature of the plaque formation. The NASCET trial concluded that ulceration is 
an important risk factor of disease progression and emboli formation as patients with 
plaque ulceration had a two-year stroke risk of 30% compared to 17% for patients with 
no ulcerations [26, 27]. In fact, the American Heart Association considers a 50% stenosis 
with an ulceration to be as severe as a 70% stenosis and recommends equal treatment 
[27]. In addition, ulceration was found to result in increased downstream flow 
disturbances and thus an increased risk of stroke [28]. 
Since large multi-center trials provided strong evidence of the link between carotid 
plaque and stroke on the symptomatic side, treatment of carotid artery disease is 
generally recommended for patients with a stenosis severity of 70% or greater, while 
patients with a stenosis severity of 50% or greater are heavily monitored [17, 18]. Carotid 
endarterectomy and stenting are the two most common treatments used, and each are 
described below. 
Carotid endarterectomy (CEA) is a surgical technique that involves opening up the 
carotid artery on the symptomatic side and the physical removal of plaque before the 




the risk of cerebrovascular events. CEA remains the gold standard of care for people who 
are surgically operable and those who request it [29]. 
Carotid stenting involves placing a stent (mesh) over the region of plaque development 
inside the artery to stop any further progression of the disease as well as expand the area 
to allow sufficient flow through the ICA. Multiple trials have shown mixed results for 
carotid stenting with some showing that CEA reduces the risk of stroke more 
significantly than stenting [30-32] while others showing that there is no difference in the 
outcomes [33, 34]. Carotid stenting has been shown to decrease ECA flow due to its 
placement at the bifurcation [35]. 
1.1.4 Sclerotic Disease 
The ability of the arteries to expand and contract with changes in pressure is an inherent 
property of blood flow. Sclerotic disease is associated with hardening of the arteries that 
changes the mechanical properties of the artery walls. Sclerosis is a common result of 
aging [36-41] but habitual exercise has been found to mitigate these effects [42]. 
Decrease in compliance can also be caused due to diabetes, heart disease, hypertension, 
smoking and other risk factors [42]. This loss of compliance is considered to be a 
predictor of vascular disease as compliance plays a key role in the circulatory 
homeostasis [42]. The risk of thrombosis, myocardial infarction, aneurysms, and stroke 
can increase due to a loss of compliance [42]. 
Compliance is defined as the change in volume over change in pressure (
∆V
∆P
). However, it 
is difficult to measure in vivo. Thus, measurements of cross-sectional compliance or 
elastic modulus are often used [36-41]. This is based on the assumption that changes in 
diameter with respect to pressure are sufficient to assess the compliance of the arteries as 
the longitudinal component is considered negligible [36-41]. Peterson’s elastic modulus 
(𝐸𝑝) is defined as the pressure-strain ratio where the difference between the systolic 
pressure (𝑃𝑠𝑦𝑠𝑡𝑜𝑙𝑖𝑐 ) and diastolic pressure (𝑃𝑑𝑖𝑎𝑠𝑡𝑜𝑖𝑐) is divided by the difference in the 
systolic inner diameter (𝐷𝑠𝑦𝑠𝑡𝑜𝑙𝑖𝑐 ) and the diastolic inner diameter (𝐷𝑑𝑖𝑎𝑠𝑡𝑜𝑙𝑖𝑐) of the CCA 





𝐸𝑝 = 𝐾𝐷𝑑𝑖𝑎𝑠𝑡𝑜𝑙𝑖𝑐 [
𝑃𝑠𝑦𝑠𝑡𝑜𝑙𝑖𝑐 − 𝑃𝑑𝑖𝑎𝑠𝑡𝑜𝑖𝑐




To assess arterial compliance of the CCA, data from 6 different studies [36-41] that 
measured 𝐸𝑝 (or provided sufficient information to calculate it) were compiled. In these 
studies, measurements were made in the carotid arteries using ultrasound imaging 
techniques to determine the systolic and diastolic inner diameters in the CCA [36-41]. 
The study then used simultaneous measurements of systolic and diastolic pressure 
measurements along with the diameter measurements to calculate 𝐸𝑝. The data from 
these studies are summarized in Figure 1.3, which shows the effects of aging on the 
elastic modulus. 𝐸𝑝 is shown to change drastically between the ages of the 10 and 75 
(approximately a factor of 4). While the loss of compliance plays an important role in 
vascular disease, its impact is not fully understood as it is often neglected in both in vitro 
studies and simulations. 
 
Figure 1.3: Elastic modulus (105 Pa) measured for the CCA increases with age. Data 
are collected from the literature [36-41]. Only the elastic modulus given for 




1.1.5 Carotid Artery Hemodynamics 
Hemodynamics plays a key role in the initiation and progression of atherosclerotic 
plaques [43-46]. The geometry of the carotid bifurcation creates distinctive flow patterns 
that include recirculation zones with low and oscillating shear stress. This can disrupt the 
endothelial cells lining the artery and result in plaque formation [47]. This plaque 
formation can cause disturbed flow, turbulence and regions with high wall shear stress 
[48, 49]. 
Both recirculation zones and flow separation have long been considered to play a role in 
the development of atherosclerotic plaques. The carotid artery is unique in that the dilated 
portion of the vessel (sinus) consists of a flow separation leading to recirculation zones. 
Together, these two conditions create an environment susceptible to the development of 
plaque. Recirculation zones enhance the transport of blood cells to the vessel walls [50-
52]. Recirculation zones also favour the development of thrombosis by prolonging the 
residence time of the thrombogenic material in this bifurcation and sinus region [53]. 
Disturbed and chaotic flow often results due to the development of atherosclerotic 
plaques that narrow the artery and bifurcation regions. Consequently, a jet of fluid enters 
into the internal carotid artery at a high velocity, bounces off the artery ICA walls and 
results in disturbed flow. Since it does not meet the Reynolds number (𝑅𝑒) criteria 
(>4000) for turbulence, it is often described as transitional or chaotic flow. While 
turbulent flow is a form of chaotic flow, a chaotic regime isn’t necessarily turbulent and 
results when small changes in initial conditions lead to major changes in flow patterns. 
There is, however, a body of literature that suggests that pulsatility can reduce the 𝑅𝑒 
number required for turbulent conditions [23, 54, 55]. Disturbed and turbulent flow have 
been shown to have high correlation with thrombus formation [56]. Disturbed flow can 
also cause plaque to rupture and thrombi to mobilize [57]. A measure of turbulence 
intensity (TI) as applied previously to carotid hemodynamics by Kefayati et al. (2014) 




Low and oscillating wall shear stress (WSS) at the carotid sinus is responsible for the 
initial development of atherosclerotic plaques [44, 45]. Progression of these plaques 
results in narrowing of the artery, which is associated with high shear stress levels [43]. 
Initially, regions with moderate to high shear stress are protected; however, these higher 
shear stress levels are located in the same region as the plaques and can cause them to 
become unstable and eventually to rupture leading to emboli formation [58-61]. Nesbitt 
et al. (2009) [62] found that when a shear-acceleration zone follows a shear-deceleration 
zone, thrombosis and cerebrovascular events are more likely to occur. WSS is one of the 
primary criteria investigated for in vitro studies. However, it is often difficult to quantify 
with ultrasound therefore it is not used in vivo (or in the clinic). 
1.2 Assessment of Carotid Artery Disease and Local 
Hemodynamics 
1.2.1 Geometry and Stiffness 
Stenosis severity as defined by the NASCET [17] and ECST [18] trials is used as the 
primary diagnostic indicator of carotid artery disease. The link between stroke and 
stenosis severity is well documented. Diagnostic imaging is used in the clinic to quantify 
stenosis severity for treatment planning. Techniques used to image the geometry of the 
lumen to detect plaque development include x-ray digital subtraction angiography (DSA), 
computed tomography angiography (CTA), magnetic resonance angiography (MRA). 
Measurements made using Doppler ultrasound (DUS) typically give information 
regarding the local hemodynamics but are used as a surrogate measurement of stenosis 
severity.  
DSA is a fluoroscopy technique that uses an iodinated contrast agent to visualize blood 
vessels. A pre-contrast image is subtracted from the image with contrast to remove the 
background and thus illuminate arteries. DSA was used in the NASCET trials when 
quantifying stenosis severity and for this reason is still considered the gold standard (as 
recently as 2013) although it is only infrequently used today. DSA has significant 
restrictions and its accuracy in quantifying the degree of stenosis severity in the NASCET 




was only 48% when compared to surgical specimens [63]. This is because DSA only 
allows limited views of vessel geometry [64]. Due to the high costs associated with this 
technique, its invasive nature and complications arising from the contrast agent [65], it 
has largely been supplanted by other diagnostic techniques such as Doppler ultrasound 
which has become the most widely used imaging modality. 
CTA combines a conventional CT and angiography by using an iodinated contrast agent 
to visualize blood vessels. Compared to DSA, it is only marginally invasive and can 
provide high-resolution images of the carotid artery. While the accuracy of single-slice 
CTA is high for quantifying the degree of stenosis severity, problems do arise with 
ulcerated plaques [66]. Multiple-detector CTA has had more success in quantifying 
ulcerated plaques [67]. Some drawbacks to the use of CTA are the high costs associated 
with it, the radiation exposure from CT itself and complications arising from the use of 
the contrast agent [68]. For these reasons, CTA is used infrequently and only as a second 
in line measurement technique if severe stenosis is detected through ultrasonic 
measurements. 
Magnetic Resonance Angiography (MRA) uses a conventional MRI to visualize arteries. 
In this technique, a contrast agent does not have to be used but gadolinium is often used 
to enhance the images [69, 70]. Since the contrast agent does not include iodine, 
complications arising from it are minimal. Black blood MRI techniques also have a high 
accuracy (≥80%) when quantifying large ulcerated plaques but this drops significantly 
when it comes to small ulcers (50%) [71]. The main limitations of MRA are the higher 
costs associated with it, low availability of MR imaging machines in clinical centers as 
well as the lack of standardization between machines from different manufacturers. MRA 
is also used only infrequently as a second in line diagnostic tool if severe stenosis are 
detected through ultrasound; although, some centers are beginning to use MRA more 
frequently and it is one of the primary research imaging techniques. MRA provides useful 
information about the plaque composition (significant correlation with histopathology 




Ultrasound imaging is a pulse-echo technique based on the detection of the returning 
signal from a short pulse sent out at a high frequency. It is the most widely used method 
for assessing carotid artery stenosis due to its noninvasive nature and relatively low cost. 
A conventional 2D ultrasound [67, 73], contrast-enhanced ultrasound [74], 3D ultrasound 
[75], echo-colour Doppler [72] and Doppler ultrasound [76] are all techniques used in the 
clinic. The accuracy of the technique depends on the degree of stenosis severity with 
accuracy much higher for stenosis levels below 50% [63]. The main drawback of 
ultrasound is the high inter- and intra-observer variability that makes its results harder to 
reproduce and thus reduces its reliability.  
Stiffness of the carotid artery is not measured in the clinic and therefore no one 
diagnostic imaging technique exists. It is only measured for research studies and several 
large studies such as ARIC (Atherosclerosis Risk in Communities) [39, 40] exist that 
have quantified the change in CCA inner diameter with systolic and diastolic pressure. 
The CCA diameters have often been characterized using ultrasound echo-tracking 
techniques [36-41]. New emerging techniques such as ultrasound [77] and MR 
elastography [78] (imaging used to map the elastic properties of soft tissue) are now 
being used for research purposes to quantify the change in CCA diameter over a cardiac 
cycle. 
1.2.2 Hemodynamics 
In vivo characterization of local hemodynamics in the carotid artery is done mainly 
through Doppler Ultrasound (DUS) [76]. Some MR velocimetry techniques [79] are 
emerging but they remain mainly for research purposes. In vitro characterization of the 
local hemodynamics at the carotid bifurcation can be done through several laboratory 
techniques such as particle image velocimetry [48, 49], particle tracking velocimetry [80] 
and numerical simulations [81, 82]. 
DUS combines the Doppler effect with ultrasound imaging to characterize the blood 
flow. When the ultrasound beam is reflected of a moving object (for example: red blood 
cell), the frequency of the returning echo is shifted relative to the transmitted frequency 




direction of the flow [76]. The measurement of peak systolic velocity through DUS is 
used to predict the stenosis severity of the carotid artery and is thus used as a substitute 
measurement of the geometry [76].  
PIV (particle image velocimetry) is an optical technique that can be used to obtain the 
velocity profiles of fluid flows. PIV requires a fluid seeded with tracer particles, where 
images of the fluid flow are taken in rapid succession separated by a time (Δt). These 
images can be used to calculate how far a group of particles travels during this time to 
obtain velocity profiles. PIV is considered the gold standard in flow techniques and has 
been widely used to assess the local hemodynamics at the carotid bifurcation [48, 49]. 
While conventional PIV provides 2D information with 2 components of the velocity 
field, this can be improved by the use of newer techniques such as stereoscopic PIV. This 
technique is based on the stereoscopic nature of our eyes and is used to provide the third 
component of the velocity based on depth of field. Furthermore, 3D information can be 
obtained by stacking multiple planes together. PIV is a non-intrusive technique with high 
temporal and spatial resolution and thus is a valuable technique when studying 
hemodynamics [48, 49]. 
Particle Tracking Velocimetry (PTV) is technique used to track individual particles 
resident in a fluid compared to PIV where a cluster of particles is grouped together to 
calculate how far they travel. PTV uses a fluid seeded with particles that is illuminated 
and the movement of individual particles tracked. Conventional PTV involves a single 
camera used to obtain 2D information. Similar to PIV, multiple cameras can be used to 
track particles in 3D. In hemodynamics, PTV is more commonly used in the 
microvasculature where individual red cells need to be tracked [80] and is not used as 
often in the larger arteries such as the carotid. Nevertheless, PTV provides valuable 
information about the flow and can be useful tool when studying plaque initiation as has 
been demonstrated by tracking particles during numerical simulations [83]. 
Numerical modelling techniques have emerged as a great tool in the last three decades. 
Their advantages over experimental techniques are mainly the wide variety of scenarios 




Computational fluid dynamics (CFD) uses discretization methods such as finite element 
analysis to obtain numerical solutions to complicated partial differential equations and 
predict flow patterns. CFD has been used to study vascular flow such as in the case of 
cerebral aneurysm and the flow patterns surrounding the carotid bifurcation [83]. For the 
most accurate results, CFD typically employs a geometry that is extracted via in vivo 
imaging (such as MRI) and is often compared to results obtained via experimental 
techniques. CFD is able to predict comprehensive velocity profiles of flow within a 
vessel [76]. CFD does however assume a rigid geometry and elastic properties of the 
carotid artery are neglected. 
Fluid-structure interaction (FSI) is another numerical discretization technique that 
couples the equations for solid and fluid dynamics. It involves a fluid that interacts with 
the deformable wall surrounding it. FSI involves a combination of fluid and structural 
mechanics where the two are modelled to varying levels of complexity. This technique 
allows the elastic properties of the carotid artery to be accounted for [82].  
1.3 Lumped Parameter (LP) Model 
Pressure and flow waveforms have specific pulsatile characteristics associated with 
different regions of the arterial tree [13]. This allows the entire cardiovascular system to 
be summarized by a lumped parameter (LP) model. The lumped parameter model is an 
analytical model that is mathematically defined as the electrical analogue of a fluid 
mechanical system. Eq. 1.3 and Table 1.1 summarize how the hydraulic quantities are 
related to their electrical analogues. Here, Ohm’s Law is shown for the electrical case in 
Eq. 1.3 where I is current, V is the voltage and Z is the impedance in both the electrical 
and fluid case. In the fluid case, q is volumetric flow-rate and p is pressure and the two 
equations are defined for a single frequency as defind by the index n. The arrow shows 
the electrical abstraction of the fluid system and how the quantities in each are related. 
𝐼𝑛  =  
𝑉𝑛
𝑍𝑛








Table 1.1: Fluid mechanical properties and how they are used in the lumped model 
as well as their electrical analogues [84]. 
Fluid Dynamics Lumped parameters Electrical Analogue 
Pressure, 𝑃 Blood pressure, 𝑃 Voltage, 𝑉 
Volumetric flow rate, 𝑄 Blood flow rate, 𝑄 Current, 𝐼 
Viscous resistance, 𝑅 Viscous resistance, 𝑅 Electrical resistance, 𝑅 
N/A – Compliance used is that 




Inertance, 𝐿 Blood inertia, 𝐿 Inductance, 𝐿 
Volume, 𝑉 Blood volume, 𝑉 Charge, 𝑞 
1.3.1 Components – Resistor, Capacitor, Inductor 
A resistor (Figure 1.4) in the electrical setting is used to represent resistance (R) to the 
flow of electrons (current). In the vascular setting it is used similarly, to represent viscous 
resistance to blood flow. Since the impedance (Z) of a resistor is not frequency dependent 
(Eq. 1.4), the ratio of the mean pressure and flow can be used to calculate resistance.  
 𝑍𝑅  =  𝑅 (1.4) 
While the simplest approximation for resistance is Poiseuille’s Law with resistance 
highly dependent on the diameter of the vessel, it is virtually impossible to use in the 
vascular setting since the vessels are small in length and constantly bifurcating as well as 
the changing viscous properties due to the shear thinning effect of blood. For this reason, 
a value of resistance for vascular flow is often derived using the LP model [85]. 
In an electric circuit, capacitors (Figure 1.4) are used to represent the storage of charge. 
They consist of two parallel plates separated by a dielectric. When a potential difference 
occurs, an electric field is generated between them. The capacitor charges up when 
storage occurs and then at a later time will discharge. Likewise, in an LP model a 
capacitor is used to represent storage of fluid and thus storage of potential energy. As the 
main conduit arteries and heart are quite elastic, they tend to store fluid in the different 
phases of the cardiac cycle. Since the impedance of a capacitor is frequency dependent 




relationship between the oscillatory pressure and the oscillatory flow (Eq. 1.6 – where the 
change in pressure is related to the time integral of the flow) [85]. 
 













An inductor (Figure 1.4) is an electrical component that resists change in the current 
flowing through it and stores kinetic energy. In a fluid system, inertance (L) is the 
equivalent of inductance and used to represent the inertial effects of blood flow. 
Acceleration and deceleration of fluid flow occurs due to various factors such as vessel 
geometry, gravity, etc. and therefore results in inertial effects. In fluid flow, devices exist 
to mimic resistance and compliance in a system whereas inertance is often an unwanted 
byproduct. The impedance of an inductor is frequency dependent (Eq. 1.7 – where L is 
the inertance) and connects the pressure drop with oscillatory flow-rate (Eq. 1.8 – where 
𝜌 is the density of the fluid and A is the area of the vessel) [85]. The inertance can also 
result in negative flow during part of the cardiac cycle [85]. 
 𝑍𝐿  =  𝑖𝜔𝐿 (1.7) 
 








Figure 1.4: Electrical components used in the LP model are shown. 
1.3.2 History and Evolution of the LP model 
In 1899, Otto Frank mathematically formulated the original LP model or more commonly 
known as the two-element Windkessel model. This was an electrical circuit designed to 
model the systemic circulation (pulmonary circulation was neglected).  It consisted of a 
resistor and a capacitor connected in parallel (Figure 1.5a) to describe the storage 




based on the reasoning that the diastolic pressure in the descending aorta could be 
characterized by an exponential curve [85]. While highly sophisticated models have been 
developed since the introduction of the original two-element model, it is still used today 
for estimates of arterial compliance. The main drawback of the model is that that it 
cannot capture high frequency components accurately.  
Westerhof et al. (1971) [86] extended the two-element model to include a characteristic 
impedance (Zc) that was connected in series to the RC elements (Figure 1.5b). Zc is 
defined as ratio of the oscillatory pressure to oscillatory flow. The total resistance (RT) of 
the vascular network is now defined as R + Re(Zc) where RT is equal to the resistance of 
the two-element model. The purpose of this three-element Windkessel model was to 
capture the high frequency components accurately for which it succeeded. Both in vivo 
and numerical studies have shown that despite its simplicity, the three-element model is 
good at predicting stroke volume (volume of blood pumped out during each contraction 
or heart beat), stroke work (work done to eject stroke volume by the heart), and the 
systolic and diastolic pressures. It does however, underestimate aortic flow and mean 
arterial pressure and does not provide realistic pressure and flow-rate waveforms since 
these are dependent on the timing of the forward and reflected pulses. 
Both Grant et al. (1987) and Stergiopulos et al. (1999) [87, 88] also extended the three-
element model to include an inductor connected in either series or parallel to Rc, 
respectively (Figure 1.5d-e). The four-element model allowed the inertial effects of blood 
flow to be accounted and further improved the performance of the model in the low and 
middle frequency range. Several trials have shown that the model by Grant et al. (1987) 
[87] most accurately portrays the vascular impedance; however, it is not commonly used 
as determining values for each parameter becomes difficult due to the number of 





Figure 1.5: Schematic of the different LP models: a) Two-element Windkessel model 
defined by Otto Frank, b) three-element Windkessel model with characteristic 
impedance [86], c) viscoelastic model defined by Burattini and Natalucci (1998) [89], 
d) four-element Windkessel model defined by Stergiopulos et al. (1999) [88], and e) 




Other researchers have worked in parallel in developing different configurations of the 
LP model. Burattini and Natalucci (1998) [89] developed another configuration of the 
three-element model where they placed the third component (a resistor) in series with the 
capacitor to mimic the viscoelastic properties of the artery wall (Figure 1.5c). Huberts et 
al. (2009) [90] proposed a four-element model where a resistor and inductor were 
connected in parallel. The purpose of this was to describe the viscous boundary layer 
encountered at the wall of the artery and flow dominated by inertia in the center of the 
lumen. While the evolution of the LP model has involved several different applications, a 
gap does exist in its application to cerebral flow [91] and carotid flow (leading to cerebral 
and extra-cranial flow). 
1.3.3 Advantages and Limitations of the LP Model 
While the advantages of numerical modelling have resulted in making some analytical 
solutions obsolete, the lumped parameter model is still a widely used technique because 
of its simplicity and lack of computer power required. Lumped parameter models provide 
reasonable and useful results about the global characteristics of a system. To understand 
changes in flow and pressure waveforms, an LP model is often used to study the distal 
impedance of the system. Lumped models have been successfully used for different 
arteries in the body (typically the aorta) to predict the stroke volume, cardiac output, etc. 
Some studies have attempted to quantify the arterial impedance of whole body 
circulation. 
An LP model can provide important information about the characteristic impedance of 
the system. Vascular impedance is an extension of vascular resistance since it provides an 
important and more complete relationship between pressure and flow [92]. Vascular 
impedance takes into the account the more dynamic and pulsatile nature of the cardiac 
flow as well as the elastic nature of the arteries (vascular compliance) and the influences 
of inertia [91, 93]. Thus, LP models also remain popular because they are commonly 
used for determining arterial parameters such as arterial compliance. The determination 




reasons for using a lumped model [94-100]. This is partly due to the fact that these 
arterial parameters cannot be easily measured or calculated.  
The main limitation surrounding the LP model is that it does not account for spatial 
variations in fluid flow [84]. Because LP models are inherently zero-dimensional (0D), 
they cannot take into account the 3D nature of the arteries and their impact on the 
resulting flow patterns [84]. Also, there are various nonlinearities in the system through 
auto-regulation and neuro-regulation that cannot generally be accounted for with the LP 
model although sophisticated models have been designed to accommodate this [101]. 
1.3.4 Previous studies incorporating LP model 
The LP model has been used extensively to study the heart with many researchers 
proposing different models [102-105]. The most popular model [106] remains the 
elastance model proposed in the 1970’s where the left ventricle pressure is defined as a 
function of the ventricle elastance (inverse of compliance). This model has been adopted 
by many researchers [103, 107-115] with some groups expanding it to include the Frank-
Starling Law [116] (which states that stroke volume increases with increases in the 
volume of blood into the heart if all other factors remain constant). Other simpler models 
defined for the heart include the use of an exponential equation to define cardiac output 
as a function of the atrial pressure [117]. In addition, LP models have been defined to 
study the heart when ventricular assist devices [115] are present and also models that take 
the structural and functional properties of the heart valves (preventing backflow) into 
account [109, 118-120].  
More elaborate lumped models have emerged and been applied to specific regions of the 
arterial tree as well as whole body circulation [96, 121]. The most comprehensive LP 
model defined by Guyton et al. (1972) [122] was used to account for the interaction 
between the systemic and pulmonary circulation. In fact, the cardiac output from the left 
ventricle was mapped all the way back to the right atrium of the heart (known as venous 
return). Holenstein and Ku (1988) [123] used this approach to find differences in local 
blood flow patterns between branch points and Eskey et al. (1994) [124] expanded this to 




hemodynamics [127], the forearm [128] and for vascular measurements made in animals 
[88].  
The LP model has also been coupled to CFD for various studies as a means of providing 
boundary conditions [126]. The combined use of these two models allows the 
characterization of both global and local hemodynamics [126]. As well as 
accommodating for some of the inherent limitations present in the LP model because 
CFD offers 3D data that accounts for spatial variation. 
Limited work has been done involving both the lumped parameter model and an in vitro 
carotid artery flow loop although one similar study does exist. Previous work by 
Kaluzynski et al. (2002) [125] studied arterial input impedance in the carotid artery using 
an in vitro flow loop containing silicone carotid phantoms. A comparison of two lumped 
parameter models was done – a ten element model defined for their flow loop with 
separate branches for the ICA and ECA connected in parallel and a commonly used four-
element Windkessel model [87]. Their comparison consisted of goodness of fit 
measurements between the phase and modulus of the two lumped parameter models with 
experimental data for a healthy and 90% stenosed phantom. The key difference from our 
work is that this previous study [125] first defined values of R, L and C, employing 
various methods that were subsequently used in their fitting. Our study on the other hand 
outputs the values of R, L and C by iteratively varying them until a best fit is achieved 
between the experimental and model waveforms. 
1.4 Research Objectives, Hypothesis and Thesis Outline 
The role of local hemodynamic factors in the carotid artery in the initiation of 
atherosclerotic plaques and resulting cerebrovascular events is well established and has 
been the subject of a vast number of studies. On the other hand, while the LP model has 
existed for more than a 100 years, it has been minimally used to study the carotid arteries 
and brain vasculature. The goal of this thesis is to study the effects of global parameters 
such as resistance, compliance and total impedance as well as their impact on the 




The overall objectives of this thesis were to: 1) develop a matching LP model to our 
exiting in vitro flow loop, 2) verify that the LP model provides an accurate representation 
of the system, 3) study the resulting pressure and volumetric flow-rate waveforms from 
changes in resistance and compliance, 4) use the LP model to extend our study and make 
predictions on specific cases for which experimental data were not available (for 
example: a phantom with physiological compliance could not be built due to 
manufacturing limitations). These goals were achieved in the study detailed in Chapter 2. 
The overall hypothesis of this thesis is that changes resulting due to carotid artery disease 
and aging impact the lumped parameters (R, C, L), can lead to a reduction in blood 
supply to the brain and will have a significant impact on the corresponding waveforms. 
All of these changes can further exacerbate well-established changes in local 
hemodynamics and increase the risk of a cerebrovascular event. 
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Chapter 2  
2 Effects of Carotid Artery Disease on Blood Supply to 
the Brain: Theoretical and Experimental Study 
2.1 Introduction 
The carotid artery is one of the major supply routes for blood supply to the brain [1]. 
Uninterrupted blood flow from the aortic arch to the brain via the common carotid artery, 
carotid sinus, and internal carotid artery is therefore the subject of much clinical 
monitoring and concern [2-3]. Stroke resulting from ischemic episodes or thrombotic 
events within the brain remains a leading cause of death in North America [4]. In both 
cases there is a disruption in blood flow to the brain. There has been a considerable body 
of theoretical and experimental work aimed at studying the nature of hemodynamic 
disruptions that may occur as a result of disease within the carotid artery or sinus [5-14]. 
However, the major focus of these studies has been on local hemodynamic changes, or in 
the case of clinical studies, the focus has been largely on the local pathology (e.g. plaque 
composition). The ultimate effects of these local disruptions, as well as more general 
changes to resistance and compliance, on blood supply to the brain remains unclear. The 
present study was designed to address this issue. 
We consider two types of changes within the carotid arteries that may lead to 
hemodynamic disruptions: obstructive changes, leading to a direct reduction in the 
physical space available to the flow, and sclerotic changes affecting the mechanical 
properties of the arterial wall. The difference between the two is important both clinically 
because of the different pathologies that may lead to these changes, and 
hemodynamically because of the different consequences for blood supply to the brain that 
may result from these changes. More specifically, obstructive changes may result from 
atherosclerotic plaques [1] and may lead to an increase in (local) resistance to flow, while  
* 
A version of this chapter has been submitted to Journal of Biomechanics as an original article entitled 
“Effects of Carotid Artery Disease on Blood Supply to the Brain: A Theoretical and Experimental Study” 




sclerotic changes (either local or global) may result from arteriosclerosis associated with 
disease or aging [15] and may lead to a disruption in the pulsatile dynamics of the flow. 
We used two parallel avenues to extrapolate from local changes within the carotid 
arteries to global consequences on blood flow to the brain: an experimental setup, with a 
physiologically based phantom of the carotid arteries and sinus coupled with 
physiologically based resistance and compliance components downstream, [6, 16] and a 
theoretical lumped parameter (LP) model [17-20] that allowed us to verify and extend the 
results beyond the parameter values available in the experiment. Only limited work on 
blood flow to the brain via the carotid arteries has been done in the past using this 
methodology [21]. The aim of our study was to establish a method of assessing the 
significance of pathologies within the carotid arteries and downstream vasculature, not in 
terms of the severity of these pathologies, but in terms of their ultimate effects on blood 
supply to the brain. 
2.2 Methods 
2.2.1 Experimental Setup 
An in vitro flow loop, as previously described, [6, 22] consisted of life-size carotid artery 
bifurcation phantoms of varying geometry and compliance (Figure 2.1), downstream 
resistance and compliance components, and a programmable positive-displacement pump 
[23] (CompuFlow 1000, Shelley Medical Imaging, London CAN). A Newtonian blood-
mimicking-fluid (BMF) with suitable dynamic viscosity of 4.31 ± 0.03 mPa.s was used 
[24]. 
The study incorporates a family of carotid artery bifurcation phantoms starting with 
normal (disease-free) geometry and progressing to eccentric 30%, 50%, 70% stenosis of 
the internal carotid artery (ICA) based on diameter reduction relative to the downstream 
ICA (NASCET criteria) [25-26]. The phantoms were manufactured from 
polydimethylsiloxane (PDMS) (Sylgard 184, Dow Corning) using a lost-material method 
to create a low-compliance version with a hollow flow channel in a block of PDMS 




phantom - consisting of a vessel with 1-mm thick PDMS wall mounted in a box - was 
studied (Figure 2.1c). 
 
Figure 2.1: (a) Family of phantom geometries with increasing plaque progression 
(stenosis severity) overlaid on the normal (plaque-free) geometry. (b) Rigid phantom 
consisting of a hollow flow channel in a PDMS (polydimethylsiloxane) block. (c) 
Compliant phantom consisting of PDMS vessel with 1-mm thick walls mounted 
inside an acrylic box. 
A schematic of the full in vitro flow loop is shown in Figure 2.2a. Upstream tubing 
consisted of a 50-cm length of 6.5-mm inner diameter (ID) rigid polyvinylchloride (PVC) 
tubing. In-line electromagnetic flow-meter probes (EP625/620, Carolina Medical 
Electronics) were inserted upstream of the common carotid artery (CCA) and 
downstream of the ICA and external carotid artery (ECA). Custom-built flow-meter 
sections included a hemostasis valve for inserting a pressure catheter (SPR 350S, size 
5F, Millar Instruments, Inc., Houston, TX), which thus enabled simultaneous 
measurements of pressure and volumetric flow-rate waveforms (sampling rate of 1 kHz). 




cm length of compliant tubing section (CT in Figure 2.2) (9.6-mm ID C-Flex tubing 
06424-12, Cole-Parmer) was followed by 1.80 ± 0.25 mm ID flow resistors (FR in Figure 
2.2) (Silastic Laboratory tubing, Dow Corning), and 1-m length of rigid PVC tubing (6.5 
mm ID, Clearbraid K3150-04, Kuri Tec) before returning to the pump reservoir. The 
ECA flow resistor (30 cm) was twice as long as for the ICA (15 cm) to produce a 2:1 
ICA-to-ECA flow division (an average over the cardiac cycle), approximating in vivo 
conditions [27]. In order to determine the properties of the downstream components, 
separate experiments were performed with reduced flow loops that did not include the 





Figure 2.2: (a) Schematic of in vitro flow loop incorporating phantom based on in 
vivo carotid geometry with downstream compliant tubing (CT) and flow resistors 
(FR) to mimic downstream vasculature. Pressure and flow waveforms were 
measured at locations indicated by arrows. (b) Reduced flow loop used to determine 
the parameter values of downstream elements. (c) LP model used an analogue of the 
in vitro flow loop. Resistance (𝑹), compliance (𝑪), and inertance (𝑳) were placed as 
shown for different parts of the flow loop, with subscripts ‘ica’, ’eca’ referring to 





The pump was programmed to deliver one of two CCA flow-rate waveforms: one 
representing young healthy adults [28] and the other representing older adults with little 
to no carotid artery disease, [27] as shown in Figure 2.3, along with their frequency 
content. The “young” waveform was based on Doppler ultrasound peak-velocity 
waveforms, recorded in the common carotid of 17 healthy volunteers aged 28 ± 3 years 
used to analytically derive a corresponding flow-rate waveform (mean 6.0 mL/s, Figure 
2.3a) [28]. The “old” waveform was based on retrospectively gated phase-contrast MRI 
used to obtain volumetric flow rate in 94 subjects aged 68 ± 8 years with little or no 
carotid artery disease, to obtain a characteristic average waveform (mean 6.48 mL/s, 
Figure 2.3a) [27]. Both use ensemble averaging based on aligning key feature points, 
which is important in preserving high frequency components in the waveform. For the 
purpose of the present study the two waveforms were normalized to have the same mean 





Figure 2.3: (a) The flow-rate waveforms representing “young” adults (Holdsworth 
et al., 1999) and “old” adults (Hoi et al., 2010) used in this study as described in the 
text and (b) corresponding frequency content for each.  
2.2.2 Theoretical Model 
A lumped parameter model was used specifically to (i) match the elements of the 
experimental setup and (ii) allow us to run scenarios that were beyond the range of 
parameters of the experimental setup. The model included the three basic elements of 
resistance (𝑅), compliance (𝐶) and inertance (𝐿), arranged as shown in Figure 2.2c. The 
impedances of the ICA and ECA branches, respectively, and the total impedance of the 





𝑍𝑖𝑐𝑎 (𝜔) = 𝑅𝑖𝑐𝑎 + 𝑖𝜔𝐿𝑖𝑐𝑎 +
𝑅𝑖𝑑
𝑅𝑖𝑑(𝑖𝜔𝐶𝑖𝑑 + 𝑖𝜔𝐶𝑖𝑐𝑎) + 1
 2.1 
 
𝑍𝑒𝑐𝑎 (𝜔) = 𝑅𝑒𝑐𝑎 + 𝑖𝜔𝐿𝑒𝑐𝑎 +
𝑅𝑒𝑑







The pressure waveform 𝑝(𝑡) measured at the CCA inlet of the in vitro flow loop was 
used as input pressure to the theoretical LP model to obtain the corresponding flow 





where 'i' is the harmonic index and Z is impedance of the flow loop being tested. The 
theoretical flow waveform was then compared with a measured flow waveform and 
values of the parameters 𝑅, 𝐿, 𝐶 were adjusted iteratively to achieve the best agreement 
(maximum ℛ2 – goodness of fit) between the two. The final values of 𝑅, 𝐿, 𝐶 were then 
deemed to be the parameter values characterizing the flow loop being tested. All analysis 
was done using MATLAB. 
2.2.3 Experimental Protocol 
Reduced flow loops that did not include the phantom (Figure 2.2b), together with a 
corresponding LP model (Eqs. 2.5-2.6), were used in order to establish the values of 
downstream elements of the experimental setup. There were four such reduced loops, 
representing either downstream of the ICA or downstream of the ECA, and in each case 
one without the CT section (to determine Rid and Red with C = 0, assuming all other 
tubing rigid) and one with the CT inserted (C ≠ 0). Pressure and flow waveforms were 
measured in each loop and a corresponding flow waveform was generated using the LP 














The values of 𝑅𝑖𝑑 , 𝐶𝑖𝑑 , 𝑅𝑒𝑑 , and 𝐶𝑒𝑑  were then held fixed for all subsequent experiments 
that included the phantom. The values of 𝐿𝑖𝑑  and 𝐿𝑒𝑑 were not retained in subsequent 
experiments because they represent inertial effects specific to the reduced flow loops only 
and thus inertial effects in the full flow loops were expected to be different. 
With the 𝑅 and 𝐶 values of downstream elements established, pressure and flow 
measurements were then made in the full flow loop configuration (Figure 2.2a) at the 
three locations indicated for each of the five phantoms: rigid with no stenosis, 30%, 50%, 
70% stenosis, and compliant with 50% stenosis. Additionally, measurements made at the 
outlets of the phantom ICA and ECA were input directly to their respective reduced LP 
models described in Eqs. 2.5-2.6 to verify the derived downstream impedance values. 
2.2.4 Statistical Analysis 
A one-way ANOVA with Tukey post-hoc analysis was performed on all parameter 
values derived using the LP model. An ℛ𝟐 metric was used to quantify how well the 
experimental and modeled flow waveforms matched. The range of parameter values that 
maximized the ℛ2 of the waveform fit to within ±0.0001 was used to obtain a mean and 
uncertainty for each parameter value.  A one-way ANOVA with Tukey post-hoc analysis 
was also performed on the mean flow rate values averaged over 30 cardiac cycles and 
obtained on five different days for each of the five different phantoms and for both the 
ICA and CCA flow to establish uncertainty values. All statistical analysis done via Prism. 
2.3 Results 
Figure 2.4a shows the modelled and measured flow-rate waveforms for a reduced flow 
loop containing only the downstream resistance (i.e. resistive elements in Figure 2.2b) for 




2.1, was determined by setting 𝐶𝑖𝑑 = 0 in Eq. 5. The same process was repeated with the 
ECA resistive loop to determine 𝑅𝑒𝑑. Figure 2.4b shows the modelled and measured flow 
rate waveforms for a reduced flow loop to be attached downstream from the ICA 
containing both resistive and compliant components (with CT). Eq. 2.5 was used to 
determine the impedance by using the previously determined 𝑅𝑖𝑑 to iteratively derive 𝐶𝑖𝑑. 
The same process was repeated for the other reduced flow loop to determine 𝐶𝑒𝑑. Any 
additional resistance due to the larger diameter CT was considered negligible (<1%) 
compared to that of the flow resistor (FR). Identical segments of compliant tubing were 
used for the ICA and ECA flow loops, and the average compliance is given in Table 2.1. 
Figure 2.4c shows the measured and modelled waveforms at the outlets of the phantom 
ECA and ICA for the rigid 50% stenosed phantom. Already determined downstream 
parameter values were used to calculate the impedance. 
Table 2.1: LP model parameters obtained for a family of four carotid geometries 
and two phantom compliances as determined by matching the theoretical and 
experimentally measured flow-rate waveforms (mean flow-rates measured in the 
ICA and CCA are listed). 
  
Rigid   
Normal 
Rigid        
30% 
Rigid                
50% 




Red 38.5 ± 0.5 38.5 ± 0.5 38.5 ± 0.5 38.5 ± 0.5 38.5 ± 0.5 
Ced 2.40  ± 0.05 2.40  ± 0.05 2.40  ± 0.05 2.40  ± 0.05 2.40  ± 0.05 
Rid 24.2  ± 0.4 24.2  ± 0.4 24.2  ± 0.4 24.2  ± 0.4 24.2  ± 0.4 
Cid 2.40  ± 0.05 2.40  ± 0.05 2.40  ± 0.05 2.40  ± 0.05 2.40  ± 0.05 
Rica 0.44 ± 0.06 0.92 ± 0.06 
* 1.30 ± 0.14 ** 2.56 ± 0.14 *** 1.30 ± 0.14 ** 
Cica 0.35 ± 0.07 
†††  0.41 ± 0.02 ††† 0.58 ± 0.11 ††† 0.59 ± 0.01 †††  1.86 ± 0.08  
Lica 0.29 ± 0.01  0.30 ± 0.01  0.30 ± 0.01  0.32 ± 0.01  0.30 ± 0.01  
Reca 0.84 ± 0.05 0.84 ± 0.05 0.84 ± 0.05 0.84 ± 0.05 0.84 ± 0.05 
Ceca 0.35 ± 0.07 
†††  0.41 ± 0.02 ††† 0.58 ± 0.11 ††† 0.59 ± 0.01 †††  1.86 ± 0.08  








6.00 ± 0.07  5.98 ± 0.05  6.08 ± 0.09 5.94 ± 0.12  6.08 ± 0.08 
* p<0.05, ** p<0.01, *** p<0.001 compared to rigid normal. 
† p<0.05, †† p<0.01, ††† p<0.001 compared to compliant 50%. 





Figure 2.4: Measured and modelled waveforms obtained in the (a) downstream 
resistance only loop, (b) downstream resistance and compliance loop and (c) at the 




Figure 2.5 shows the measured and modelled waveforms at the CCA inlet for the four 
rigid phantoms with no stenosis, 30%, 50%, and 70% stenosis. The full LP model was 
used, with all downstream 𝑅 and 𝐶 values as previously determined. The remaining 
parameters were iteratively derived where the experimental and theoretical flow 
waveforms were well matched ℛ2 > 0.97 in all cases. The results (Table 2.1) showed that 
only in the severe 70%-stenosis case the resistance 𝑅𝑖𝑐𝑎 was significantly affected 
(p<0.01), increasing to 2.6 ± 0.1 mmHg/(mL/s), which is approximately an order of 
magnitude smaller than the downstream ICA and ECA resistance (Table 1).  
 
Figure 2.5: Measured and calculated flow waveforms at the CCA inlet of the rigid 
phantoms with (a) no stenosis, (b) 30%, (c) 50% and (d) 70% stenosis. 
Figure 2.6 shows the modulus and phase of impedance for the first 12 harmonics 
measured and modelled at the CCA inlet of the compliant 50% stenosed phantom. 
Results for the “young” and “old” waveform are compared. Identical 𝑅, 𝐿, 𝐶 parameters 
were used for the two waveforms to obtain a derived impedance (model). Agreement 




the input waveform has little to no effect on the derived impedance. The matching of the 
waveforms also demonstrates that the derived impedance of the in vitro flow loop 
provided an accurate representation of the system. 
 
Figure 2.6: Measured and derived modulus and phase of impedance for the first 12 
harmonics at the CCA inlet of the compliant 50% stenosed phantom. Results for the 
“young” and “old” waveform are shown in the top (a,b) and bottom (c,d) panels 
respectively. 
Figure 2.7 shows the corresponding 𝑅𝑖𝑐𝑎 (resistance), mean ICA flow rates and CCA 
pressure waveforms with increasing stenosis. The increase in 𝑅𝑖𝑐𝑎 was significantly 
higher with increasing stenosis level, and this resulted in a correspondingly significant 
decrease (4.8%, p<0.01) in mean ICA flow rate at a 70% stenosis severity shown in 
Figure 2.7b. The increasing ICA resistance diverts more flow to the ECA branch where 
the resistance remains fixed. Figure 2.8a and 2.8b show the effect of reduced carotid 




rate decreased significantly (4.6%, p<0.01) when the carotid compliance decreased from 
0.00186 to 0.00058 mL/mmHg (p<0.001), a change of approximately a factor of 3, 
comparable with the three-fold increase in elastic modulus observed in vivo between the 
ages of 25 and 75 (Lanne et al., 1994). The relative importance of vessel compliance is 
further demonstrated by the higher ICA flow observed in a compliant 50%-stenosed 





Figure 2.7: Effects of obstructive disease based on four different rigid phantoms of 
increasing stenosis. (a) Resistance of the ICA branch (Rica) with increasing stenosis 
(significantly higher compared to normal - *p<0.05, **p<0.01, ***p<0.001) and (b) 
mean flow-rate through the ICA (significant for 70% stenosis compared to normal, 
p<0.01). (c) The measured CCA pressure waveforms are shown for the four rigid 





Figure 2.8: Effects of sclerotic disease based on comparing a pair of compliant and 
rigid phantoms, both with 50% ICA stenosis. (a) Compliance of the ICA (Cica) as 
determined for the two phantoms, showing a significant difference (p<0.001). (b) 
Corresponding difference in mean ICA flow rate (p<0.01). (c) Experimentally 
measured pressure waveforms in the rigid and compliant 50% stenosed phantoms 
are shown for comparison with the modelled pressure waveform in the extended 




The LP model was used to extend the study to two specific cases below, for which 
phantoms were not available. In the first case, the resistance 𝑅𝑖𝑐𝑎 was increased to 3.31 
mmHg/(mL/s), to represent a stenosis of 90% as determined by Kaluzynski et al. (2003) 
[21]. The measured CCA flow-rate waveform from the rigid 70%-stenosed phantom was 
used as an estimate to derive the pressure waveform for the more severely (90%) 
stenosed case. This is based on the assumption that the volumetric-displacement pump 
ensures a fixed CCA inlet flow as programmed and further demonstrated by the fact that 
no statistical changes are observed in mean CCA flow rates (Table 2.1). Figure 2.7c 
shows the measured pressure waveforms for the rigid normal, 30%, 50% and 70% 
stenosed phantoms as well as the modelled pressure waveform for the extended 90% 
stenosis case. The systolic pressures increase slightly with increasing stenosis. 
In the second case, a more physiologically realistic compliance than available in the 
phantoms was tested to study the resulting changes in the pressure waveform. The CCA 
flow-rate waveform measured for the compliant phantom was used as an approximation 
for the extended case. Figure 2.8c shows measured pressure waveforms for the rigid and 
compliant 50% stenosed phantoms as well as a modelled pressure waveform reflecting an 
increase in the carotid compliance (𝐶𝑖𝑐𝑎 , 𝐶𝑒𝑐𝑎) to 0.0290 mL/mmHg based on Kaluzynski 
et al. (2003) [21] and representative of physiological compliance. The resulting pressure 
waveform displays a much lower systolic pressure, which is in the normotensive range of 
approximately 120 mmHg.  
Figure 2.9 explores the effects of changing the values of downstream parameters 
(different values reported in the literature [21, 29-30]) (𝑅𝑖𝑑 , 𝑅𝑒𝑑 , 𝐶𝑖𝑑 , 𝐶𝑒𝑑)  in the flow 
loop containing the rigid 50% stenosed phantom. The measured pressure waveform and 
the resulting modelled flow-rate waveform with already derived downstream resistance 
𝑅0 and compliance 𝐶0  are used as the baseline. Using the baseline pressure waveform, 
values of the downstream resistance (𝑅𝑖𝑑 , 𝑅𝑒𝑑) are changed drastically in both directions 
from the baseline value (𝑅0) and the resulting CCA flow-rate waveforms are shown in 
Figure 2.9a. While in Figure 2.9c, 𝐶𝑖𝑑 and 𝐶𝑒𝑑 are changed from the baseline compliance 
(𝐶0) and again resulting CCA flow-rate waveforms are shown. The results are tabulated 




alongside the mean CCA flow rates (cycle averaged from the corresponding waveforms 
shown in panels a and c) and the extrapolated mean ICA flow rates (based on the ratio  of 
3.70 mL/s to 6.08 mL/s as determined experimentally – Table 1). Figure 2.9c also shows 
that a flow-rate waveform shape similar to that seen in ‘old’ adults could be generated 
from an input pressure waveform corresponding to the ‘young’ adult flow-rate waveform 
by reducing the compliance by a factor of 2. The general shape of the two flow-rate 
waveforms can be seen in Figure 2.3a. Likewise, the converse could be achieved by using 
a pressure waveform corresponding to the ‘old’ adult waveform and increasing the 
compliance by a factor of 2 to generate the ‘young’ waveform (not shown).  
 
Figure 2.9: CCA flow-rate waveforms (a,c) and mean CCA and ICA flow rates (b,d) 
are shown with changing downstream parameters in the flow loop containing the 
rigid 50% stenosed phantom. Model values of the downstream resistance (a,b) and 
compliance (c,d) are changed drastically in both directions relative to the baseline 




2.4 Discussion and Conclusions 
A combination of a lumped parameter model and an experimental in vitro carotid artery 
flow system was used to study how local carotid artery pathologies that cause obstruction 
or stiffening may impact blood supply to the brain via the ICA. The theoretical model 
was verified through the use of different experimental configurations, phantoms, and 
waveforms. This was important because it allowed us to extend the scope of the study 
beyond the range of phantoms that were available in the experiment. More importantly, it 
allowed us also to explore a range of parameters (representing vasculature downstream of 
the internal and external carotid arteries) for which only limited physiological data exists. 
We are able to separately study the roles of resistance and compliance. 
Local changes in compliance of the carotid arteries were found to have a significant 
effect on mean flow-rate through the ICA (i.e. flow fraction) and on the pressure 
waveforms measured at the inlet of the CCA, thus affecting blood supply to the brain 
(Figure 2.8). This is particularly important because sclerotic disease and aging have a 
severe impact on vessel compliance. Age alone has been shown to increase the elastic 
modulus (thus reduce the elasticity and compliance) by approximately a factor of three 
between the ages of 25 and 75 [15, 31]. The change in pressure waveform that we 
observed is consistent with the difference between the “young” and “old” waveforms 
reported by Holdsworth et al. (1999) [28] and Hoi et al. (2010) [27], respectively which 
represent age groups of 28 ± 3 and 68 ± 8 years. Reduced vascular compliance has also 
been associated with injury or cardiovascular disease [32]. Hypertension, atherosclerosis 
and congestive heart failure have been reported to increase the value of the elastic 
modulus by approximately a factor of 2 [33-35].  
While the changes found with ‘sclerotic disease’ in our study are statistically significant 
(~5% reduction in mean ICA flow rate), they are not necessarily significant in the 
physiological system. Often the contralateral side compensates for any reduction in blood 
flow. This could be a reasonable extrapolation for a stenosed carotid artery; however, 
sclerotic disease is likely to have a more systemic effect whereby all arteries have 




to an overall reduction in blood flow reaching the brain (Figure 2.8) and will also alter 
the waveform shape as shown in Figure 2.8-2.9. 
Effects of increased local stenosis in the internal carotid artery on mean flow-rate in the 
ICA and pressure waveform at the inlet of the CCA, and hence on blood flow to the 
brain, were found to be minimal up to a threshold of 70% stenosis (Figure 2.7). This is 
consistent with the reality that the resistance of the carotid artery is relatively small 
compared with the overall resistance of downstream vasculature, and therefore a small 
change in the resistance of the carotid artery would not lead to significant effects on flow 
rate. These findings are consistent with reports in the literature that ICA flow-rates appear 
only to be affected by “severe stenosis”; approximately ≥60% [36], above 80% stenosis 
[37] or “multiple moderate stenosis” [38]. It has been generally acknowledged that flow 
reduction due to carotid stenosis itself may not be the primary cause of ischemic stroke 
[39-40]. Our results are consistent with this view in that a small but statistically 
significant reduction in ICA flow was observed only above 70% stenosis. 
Comparison to quoted literature values (Table 2.2) suggests that our downstream 
resistance is within a factor of 2 of other model based estimations but downstream 
compliance is up to a factor of 10 lower [21, 29-30]. However, literature surrounding 
these values is both incomplete and inconsistent. For this reason, a range of different 
downstream resistance and compliance values were tested to study the effects of changes 
in downstream parameters. Changes in downstream resistance resulted in changes to the 
mean CCA flow rate and thus ICA flow rate (Figure 2.9a-b). Changes in downstream 
compliance resulted in dramatic changes to waveform shape and pulsatility, while no 
changes in mean CCA (and thus ICA) flow rates were observed (Figure 2.9c-d). The 
significance of compliance is further demonstrated as an ‘old’ adult waveform shape was 
generated from the ‘young’ adult waveform by reducing the compliance by a factor of 2. 
This suggests that the ‘old’ adult waveform is essentially a low compliance version of the 
‘young’ adult waveform as elastic modulus often increases by a factor of 3 between the 
ages of 25 to 75. The ability of the model to replicate this with a change in downstream 





Both Figure 2.8 and Figure 2.9c-d explore the effects of changes in compliance. In Figure 
2.8, increased carotid phantom compliance resulted in increased mean ICA flow rates. In 
this case, a fixed CCA flow-rate waveform was used but mean ICA flow-rate increased 
due to changes in the ICA to ECA flow division for a portion of the cardiac cycle (flow 
division for the rigid phantom can be seen in Figure 2.4c and Appendix D). We postulate 
that the increased compliance caused a decrease in resistance in the ICA branch (stenosis) 
and thus resulted in an increased mean ICA flow rate seen in Figure 2.8b. In Figure 2.9c-
d, changes in downstream compliance results in no changes in mean ICA flow rates. In 
this case, a fixed CCA pressure waveform is used as an input and CCA flow rate 
waveforms are allowed to vary with changing compliance. Theoretically, compliance 
only affects the oscillatory portion of the waveforms and the mean flow should not be 
affected hence mean CCA flow rates are maintained. As well, since these compliant 
components are placed downstream of the bifurcation and both altered symmetrically, the 
flow division between the ICA and ECA is not affected. 
Table 2.2: Quoted downstream parameter values in the literature. 
Reference Quoted Downstream Parameter Values 
Alastruey et al., (2014)  
Generated numerically in models of 
human compliant vessels by 
solving non-linear 1D equations of 
blood flow in 55 larger systemic 
artery segments. 
Rid = 14.10 mmHg/(mL/s) 
Red = 78.16 mmHg/(mL/s) 
Cid = 0.0252 mL/mmHg 
Ced = 0.0231 mL/mmHg 
Mean flow: ICA = 5.8 mL/s 
Mean flow: ECA = 0.7 mL/s 
Kaluzynski et al., (2003)  
Downstream resistance as used 
experimentally in the in vitro flow 
loop and derived using a 10 
element transmission line model. 
Rid = 12.75 mmHg/(mL/s) 
Red = 28.5 mmHg/(mL/s) 
Cid = 0.014 mL/mmHg  
Ced = 0.016 mL/mmHg 
 Toorop et al., (1987)  
Peripheral Overall peripheral 
resistance derived using 3-element 
LP model (not for a specific 
vascular bed).  
Peripheral Resistance – 26.55 mmHg/(mL/s) 
Aortic Compliance – 0.037 mL/mmHg 
 
Limitations: A major difficulty in any theoretical or experimental study of the effects of 




on the parameter values of vasculature downstream of the ICA and ECA, which includes 
the brain vasculature. Our combination of theoretical and experimental methodology, 
using one to validate the other, allowed us to overcome this difficulty somewhat by 
exploring a very wide range of possible downstream values. Ultimately, however, data on 
downstream vasculature are essential for a more accurate assessment of the effects of 
carotid artery disease on blood flow to the brain. Also, the LP model does not account for 
the effects of wave reflections, although some of these effects may be imbedded within 
the inductance parameter 'L'. This could be responsible for the slight mismatch seen 
between some modelled and measured flow-rate waveforms. Phantom compliance was 
well below physiological levels, thus the LP model was used to extend the study to 
include physiological compliance. Wada et al. (1991) [38] demonstrated that the presence 
of a stenosis reduced overall CCA flow rates which would be in addition to decreased 
ICA flow fraction shown here. 
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Chapter 3  
3 Conclusions and Future Directions 
A lumped parameter model was successfully designed to match the existing in vitro flow 
loop mimicking vascular flow though the carotid artery bifurcation. The downstream 
model parameters were determined using four reduced loops (Figure 2.2b and Appendix 
C) - containing the resistive and compliant elements located downstream from the ICA 
and ECA. The remaining parameters were determined using simultaneous pressure and 
flow-rate measurements made at the inlet of the CCA of the full flow loop (Figure 2.2a). 
Two different waveforms (‘young’ and ‘old’) were also tested in the flow loop to study 
their impedance characteristics. The changes in mean flow-rate and waveform shape were 
studied. 
3.1 Conclusions 
There were four specific cases explored in this thesis: 
1) As the stenosis of the rigid phantoms was increased, so was the resulting 
resistance parameter (Rica) used to model it. This increase in resistance also 
resulted in a subsequent decrease in mean ICA flow-rate that was only statistically 
significant at a 70% stenosis level consistent with the literature [1-2]. 
Furthermore, increases in systolic pressure were observed for increasing stenosis 
levels in the CCA pressure waveforms while general waveform shape is 
maintained. The study was further extended by using the LP model to a severe 
(90%) stenosis case by increasing Rica. The same trend was observed as a further 
increase in systolic pressure occurred.  
2) Two phantoms with different compliances were studied (Cica, Ceca). The 
difference in compliance was a factor of 3, similar to what is observed in vivo 
with aging [3] but the actual compliance of the phantoms was well below 




decreasing compliance. We postulate that this is the result of a decrease in 
resistance in the stenosis region (not reflected in our parameter values) as higher 
mean ICA flow-rates are observed in the compliant 50% stenosed phantom than 
the rigid normal phantom. A significant change was also observed in the shape of 
the CCA pressure waveforms and the resulting systolic pressure. The study was 
further extended using the LP model to include physiological compliance where 
further drastic changes were observed in the pressure waveform and systolic 
pressures dropped to normotensive levels. 
3) The LP model was used to extend the study to examine the effects of changes in 
downstream resistance (Rid, Red). Using the pre-determined values of downstream 
resistance as a baseline (R0), CCA flow-rate waveforms for the rigid 50% 
stenosed phantom are plotted. The changes in R0 minimally alter the general 
waveform shape but mean CCA (and ICA) flow rates are significantly altered 
where mean ICA flow-rates were extrapolated from the experimental ICA to CCA 
ratio provided in Table 2.1. 
4) The LP model was used to extend the study to examine the effects of changes in 
downstream compliance (Cid, Ced). Pre-determined values of downstream 
compliance were used as the baseline (C0) to plot CCA flow-rate waveforms for 
the rigid 50% stenosed phantom. The changes in C0 do not result in any changes 
in mean CCA (and thus ICA) flow-rates (although this might not be case 
experimentally depending on how these changes would manifest). The waveform 
shape is significantly altered with changes in compliance as seen previously with 
changes in phantom compliance. One of the most interesting results here is that 
using the ‘young’ [5] waveform, a waveform similar to the ‘old’ [6] waveform 
can be generated by a decrease in compliance and vice versa. 
While changes in stenosis severity and thus resistance have previously been studied, 
compliance of both the carotid and downstream vasculature has been neglected. Our 
results for changes in carotid phantom compliance show that in terms of a reduction in 




Some limitations of our study included the limited data available for downstream 
vasculature [4, 7-9], and the lack of a phantom with physiological compliance. 
3.2 Future Directions 
While the degree of stenosis severity is the main indicator used in the clinic to classify at 
risk patients, it is well known that this is not the only risk factor. In fact, the geometry of 
the plaque plays a major role in thrombosis [10, 11-14]. Ulcerated plaques for example 
are more like to rupture and embolize [11-14]. The American Heart Association 
recommends surgical removal of plaques when stenosis severity is 70% or greater and 
50% or greater if the plaque contains an ulceration [15]. Eccentricity of the plaque is 
another risk factor [10]. This study used only eccentrically stenosed phantoms. Future 
work will utilize existing phantoms with concentrically developed plaques and ulcerated 
plaques. The concentrically stenosed phantoms are available for the same stenosis levels 
as the eccentrically stenosed phantoms. The phantoms with ulcerated plaques contain 
ulcerations with different sizes. The impact of these subtle changes in the stenosis 
geometry on lumped parameters and waveform shape will be studied. It is hypothesized 
that ulcerated plaques will lead to an increase in both resistance and inductance while 
concentrically stenosed plaques could decrease them.  
The phantoms used in this study are also utilized in the PIV system in the laboratory and 
for this reason, certain manufacturing limitations exist. For example: the phantom needs 
to be optically transparent and refractive index matched to our previous phantoms and 
blood mimicking fluid. The current thin-walled phantom that exists in our lab is 
manufactured from a PDMS (Sylgard 184) solution that has a compliance that is almost a 
magnitude lower than what is seen in vivo [4]. The laboratory is in the process of 
exploring different PDMS solutions (Sylgard 527 has shown some promise in other 
studies [16]) that are refractive index matched to build a phantom with (or closer to) 
physiological compliance. This phantom will serve to validate the predictions made in 
this study regarding the resulting waveform shape. The impact of physiological 




One of the main results obtained in our study was the effects of changing downstream 
parameters. Changing downstream resistance resulted in changes to mean CCA flow-
rates and changing downstream compliance resulted in changes to waveform shape. 
These results were all generated theoretically using the LP model. Further studies will 
attempt to demonstrate these effects experimentally. Changing both downstream 
compliance and resistance in the experimental setup is easier than attempting to change 
the phantom as none of the PIV restrictions apply here. Thus, downstream resistance can 
be altered by changing the length (or diameter) of the flow resistors and downstream 
compliance can be altered by changing the length of the compliant tubes or the stiffness 
of the tubes used. Preliminary results obtained from decreases in downstream compliance 
have managed to experimentally generate the ‘old’ waveform shape when the ‘young’ 
waveform is programmed to the pump. 
Finally, the study of aneurysms is one of the emerging fields in vascular flow [17]. When 
an aneurysm bursts, a hemorrhagic stroke results. Hemorrhagic strokes make about 15% 
of all strokes but are more likely to result in death with a 40% mortality rate [18]. An 
existing aneurysm phantom in the lab will be used and a new in vitro flow loop will be 
constructed to simulate flow through the brain vasculature. Future studies will design a 
new LP model to match this flow loop. This LP model will be used to study the global 
characteristics of the system and changes in waveforms resulting from the aneurysm. 
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Expansion of Methods 
Figure A.1 shows the chain of events that result in a theoretical flow-rate waveform 
starting from a measured input pressure waveform. 
 
Figure A.1: A Fourier transform of the measured pressure waveform results in 
pressure frequency components that are divided by the impedance calculated from 
the LP model to generate flow-rate frequency components that are inversely 
transformed to obtain a theoretical flow-rate waveform. This theoretical waveform 
is matched to the experimentally measured waveform by iteratively varying the 
impedance parameters. For measurements made the inlet of the CCA in the full 
flow loop, the LP model shown in Figure 2.2c is used. 
Figure A.2 shows the various Fourier transform methods used initially and verified 






Figure A.2: Measured and modelled and waveforms are shown for the rigid 50% 
stenosed phantom at the inlet of the CCA. The modelled waveforms are shown using 
three different Fourier transform methods: with the built-in FFT and FFTshift 
functions, using the built-in FFT function but own FFTshift code and finally using 
own Fourier series code. 
Figure A.3 shows 30 individual cardiac cycles that are averaged to give a typical 
waveform used in this study. As can be seen, one of the advantages of a physical system 
is that there is very little variability in the 30 cycles. The uncertainty of the average 





Figure A.3: All waveforms used in this study are averaged over 30 cardiac cycles, 
each of the 30 cardiac cycles is shown for the flow-rate waveform in the rigid 50% 
stenosed phantom measured at the CCA inlet. 
Figure A.4 shows the pressure and flow-rate waveforms measured in the flow loop 
consisting of only resistive elements typically placed downstream from the ECA. Since 
the pressure is extremely high (>800mmHg) because of the small diameter tubing, the 
accuracy of the model parameter (Red and Rid) was in doubt. For this reason, the adjusted 
‘young’ waveform with a peak of 5 and 10 mL/s was tested as well as the ‘old’ 
waveform. Identical parameter values were obtained for all these waveforms with much 
lower systolic pressure. The results are shown in Figure A.5 for the resistive elements 
typically downstream of the ICA and Figure A.6 for the resistive elements typically 
downstream of the ECA. 
 
Figure A.4: The measured and modelled flow-rate waveform, and the pressure 
waveform (secondary axis) are shown for the flow loop consisting of only resistive 





Figure A.5: The measured and modelled flow-rate waveforms, pump input 
waveforms and the pressure waveforms divided by the resistance of the loop are 
shown for the flow loop consisting of only resistive elements typically placed 
downstream of the ICA. The following waveforms are shown: (a) the ‘young’ adult 
waveform, (b) the ‘old’ adult waveform, (c) the peak of the ‘young’ adult waveform 
has been reduced to 10 mL/s and (d) the peak of the ‘old’ adult waveform has been 





Figure A.6: The measured and modelled flow-rate waveforms, pump input 
waveforms and the pressure waveforms divided by the resistance of the loop are 
shown for the flow loop consisting of only resistive elements typically placed 
downstream of the ECA. The following waveforms are shown: (a) the ‘young’ adult 
waveform, (b) the ‘old’ adult waveform, (c) the peak of the ‘young’ adult waveform 
has been reduced to 10 mL/s and (d) the peak of the ‘old’ adult waveform has been 
reduced to 5 mL/s. 
The effects of the inertance parameter is shown. A well-matched modelled flow-rate 





Figure A.7: Measured and modelled flow-rate waveforms are shown for the rigid 
50% stenosed phantom at the inlet of the CCA. (a) The inertance (Lica, Leca) as listed 
in Table 2.1 are used. (b) The inertance (Lica, Leca) has been set to 0 and the 





Impedance Plots for all phantoms and configurations 
Figure B.1 shows the modulus of the impedance for the four phantoms with increasing 
resistance and Figure B.2 shows the phase of the impedance. The impedance is well-
matched at the low frequencies but starts to deviate at higher frequencies. 
 
Figure B.1: The measured and calculated modulus of the impedance is shown for 
the rigid phantoms with increasing stenosis severity (a) no stenosis, (b) 30%, (c) 
50% and (d) 70% stenosis. *NOTE: results for the compliant 50% phantoms are 






Figure B.2: The measured and calculated phase of the impedance is shown for the 
rigid phantoms with increasing stenosis severity (a) no stenosis, (b) 30%, (c) 50% 
and (d) 70% stenosis. *NOTE: results for the compliant 50% phantoms are shown 
in Figure 2.6. 
Figure B.3 shows the modulus and impedance of the ICA (a,b) and ECA (c,d) outlets in 
the rigid 50% stenosed phantom. Modulus is extremely well-matched in this case but 





Figure B.3: The measured and calculated modulus (a,c) and phase (b,d) and of the 
impedance are shown for the rigid 50% stenosed phantoms at the outlets of the ICA 






Pressure and Flow-rate waveforms (‘old’ waveform) 
Figure C.1-7 show the supplementary data that were measured. It contains all the data for 
the ‘old’ waveform in the resistive only and resistive and compliant loop as well as the 
full phantom loops. The measured and modelled waveforms measured in the ICA and 
ECA outlets are also shown (both ‘young’ and ‘old’ waveforms). 
 
Figure C.1: The flow loop containing only resistive elements and the reduced R,L,C 
model are shown (a). Measured and modelled flow-rate waveforms representing 
‘young’ (b) and ‘old’ (c,d) adults are shown. The results are shown for two reduced 
loop, one containing only the resistive elements typically placed downstream from 
the ICA (c) and the other typically placed downstream from the ECA (b,d). *NOTE: 
the ‘young’ waveform results measured in the reduced flow loop with resistive 






Figure C.2: The flow loop containing resistive and compliant elements and the 
reduced R,L,C model are shown (a). Measured and modelled flow-rate waveforms 
representing ‘young’ (b) and ‘old’ (c,d) adults are shown. The results are shown for 
two reduced loops containing resistive and compliant components, one typically 
placed downstream from the ICA (c) and the other typically placed downstream 
from the ECA (b,d). *NOTE: the ‘young’ waveform results measured in the reduced 






Figure C.3: In the full flow loop measurements are made at the outlets of ICA and 
ECA as indicated by the arrows and a reduced R,L,C model is used (a). Measured 
and modelled flow-rate waveforms representing ‘old’ (b,c) adults are shown for the 
rigid 50% stenosed phantom at the outlets of the ECA (b) and ICA (c). *NOTE: 






Figure C.4: Measured and modelled flow-rate waveforms in the compliant 50% 
stenosed phantom representing ‘young’ (a,b) and ‘old’ (c,d) adults measured at the 





Figure C.5: Measured and modelled flow-rate waveforms in the rigid normal 
phantom representing ‘young’ (a,b) and ‘old’ (c,d) adults measured at the outlets of 





Figure C.6: Measured and modelled flow-rate waveforms in the rigid 30% stenosed 
phantom representing ‘young’ (a,b) and ‘old’ (c,d) adults measured at the outlets of 





Figure C.7: Measured and modelled flow-rate waveforms in the rigid 70% stenosed 
phantom representing ‘young’ (a,b) and ‘old’ (c,d) adults measured at the outlets of 
the ECA (a,c) and ICA (b,d).  
Figure C.8 shows the measured and modelled flow rate waveforms in the loop consisting 
of only resistive elements where the flow resistor has now been removed. As can be seen 
from the parameter values, the resistance has dropped significantly to 1.9 mmHg/(mL/s) 
whereas the typical resistance downstream from the ICA is 24.2 mmHg/(mL/s) and ECA 






Figure C.8: (a) The flow loop containing all the rigid tubing that is typically placed 
downstream of flow resistor is used to obtain resistance values for the PVC tubing. 
(b) Measured and modelled flow-rate waveforms measured in the flow loop shown 
in part (a) at the location indicated by the arrow. *NOTE: in this figure different 
notation is used since it was one of the earliest figures designed: Leca actually 
represents Led, Ceca represents Ced and Reca represents Red. 
Figure C.9 shows the measured and modelled flow-rate waveforms representing the 
‘young’ and ‘old’ adults in the compliant 50% stenosed phantom. The impedance is 





Figure C.9: Two measured and modelled flow-rate waveforms (R2 > 0.96) at the 
CCA inlet of the compliant 50% stenosed phantom representing (a) ‘young’ and (c) 
‘old’ adults. 
Figure C.10 shows the CCA pressure waveforms with increasing resistance (Rica) and 






Figure C.10: Using the ‘old’ flow-rate waveform, measured CCA pressure 
waveforms with shown (a) increasing stenosis severity as well as the modelled case 
when Rica is increased to 90% stenosis level, (b) increasing compliance as well as the 






Expansion of Results 
Figure D.1 shows the measured CCA inlet and ICA outlet flow-rate waveforms in the 
five different phantoms used in this study. Figure D.2 takes the mean ICA flow-rates and 
plots it against the diameter of the ICA stenosis to plot the exponential curve for 
comparison purposes. Figure D.3 shows the flow division (ratio of ICA/ECA flow-rate) 
through one cardiac cycle for the rigid 50% stenosed phantom. Figure D.4 shows the flow 
conservation (ICA + ECA)/CCA of the flow-rate for the rigid 50% stenosed phantom. A 
phase lag is observed in both the flow division and flow conservation figures.  
 
Figure D.1: Flow-rate waveforms for the five phantoms used in this study: rigid 
normal (Rnormal), rigid with 30% stenosis (R30), rigid 50% (R50), rigid 70% (R70) 





Figure D.2: Mean ICA flow-rate is plotted against the diameter of the stenosis. 
 






Figure D.4: The ratio of the sum of ICA and ECA flow-rate to the CCA flow-rate 
through one cardiac cycle in a rigid 50% stenosed phantom. 
Figure D.5 shows the resistance (Rica) as determined via the LP model plotted against the 
diameter of the stenosis. Also plotted is the predicted resistance via Poiseulle’s Law (Eq. 
C.1, where r is the radius of the vessel, L is the length of the vessel and 𝜂 is the viscosity 
of the fluid). This resistance deviates highly from the derived resistance which 











Figure D.5: The resistance parameter (Rica) as determined through iteratively 
matching waveforms by use of the LP model is plotted against the diameter of the 
stenosis. Also, plotted is the resistance obtained through Poiseuille’s Law.  
Figure D.6 shows the measured CCA flow-rate waveforms in the four rigid phantoms 
with increasing stenosis and the predicted CCA pressure waveform if resistance is 
increased to downstream levels. As can be seen, the pressure waveform changes 
dramatically with a drastic increase in systolic blood pressure. 
 
Figure D.6: When the resistance (Rica) is significantly increased such that it is 
comparable to downstream levels. 
Figure D.7 demonstrates potential results if the system was pressure-controlled instead of 
CCA flow-controlled. Often, pressure is regulated in vivo through the carotid 
baroreceptors and changes in flow-rate are more probable. If the pressure waveform 






Figure D.7: The predicted flow-rate waveforms from the rigid phantoms with 
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